Abstract: The framework of a phenomenological quark-antiquark potential (Coulomb plus linear confinement) model with a Gaussian wave function is used for detailed study of masses of the ground, orbitally and radially excited states of heavy-light Qq, (Q = c, q = u/d, s) mesons. We incorporate a O(1/m) correction to the potential energy term and relativistic corrections to the kinetic energy term of the Hamiltonian. The spin-hyperfine, spin-orbit and tensor interactions incorporating the effect of mixing are employed to obtain the pseudoscalar, vector, radially and orbitally excited state meson masses. The Regge trajectories in the (J, M 2 ) and (nr, M 2 ) planes for heavy-light mesons are investigated with their corresponding parameters. Leptonic and radiative leptonic decay widths and corresponding branching ratios are computed. The mixing parameters are also estimated. Our predictions are in good agreement with experimental results as well as lattice and other theoretical models.
Introduction
The discovery of many new excited states of D and D S mesons through experiments by BABAR, BELLE and CLEO have ignited interest in the properties of these mesons [1] . Many theoretical models have made spectroscopic assignments to these states. Quite recently, LHCb has been able to discover and measure the properties of these excited states [2] [3] [4] [5] [6] . This has re-ignited interest in the spectroscopy of these heavy-light mesons, as one expects that with the availability of higher energy and luminosity beams at the LHC and higher luminosity at the SuperKEKB e + e − collider, more new states will be observed [7] . There are certainly open questions regarding the nature of several orbitally excited states. For example, the D S0 (2317) and D S1 (2460) are predicted to be heavier than experimentally measured [1, 8] . This indicates that these may not fit into conventional quark anti-quark bound states but could instead be candidates for exotic states.
The interpretation of the newly observed excited states, whether as conventional Qq heavy-light quark bound states or more exotic structures, is of great significance. Their weak and electromagnetic decays often provide help for identification and assignment of the J P C values. Furthermore, steady progress is being done in lattice calculations, and masses for various low-lying states have already been calculated [9] .
Many theoretical schemes have been employed to understand the spectroscopic properties of the D and D S mesons. The ground state 1 3 S 1 and 1 1 S 0 have been estimated quite accurately. However, for L = 1, state disparities exist between theoretical estimates and experimental measurements. In this article, we employ a potential model based approach to understand the open charm heavy-light mesons. The validity of a potential model in the light quark sector is certainly questionable and in the case of heavy-light mesons, the presence of a light quark warrants a relativistic treatment.
In this paper, with a view to improving the methodology of the potential model, we incorporate corrections to the potential energy part of the Hamiltonian besides the kinetic energy part, and use a unified scheme for both mesons. We investigate the Regge trajectories in the (J, M 2 ) and (n r , M 2 ) planes (M is the mass, J is the total angular momentum and n r is the radial quantum number of the meson state), which is important for illustrating the nature of current and future experimentally observed heavy-light mesons [10] [11] [12] .
Leptonic and radiative leptonic decay widths are cal-culated for D and D s mesons, as well as mixing parameters for the D meson, are estimated in the present scheme. The radiative leptonic decays of heavy-light mesons are important, as the strong interaction is involved only in one hadronic external state, which only occurs within the initial particle. The helicity is suppressed because this decay rate is proportional to the square of the lepton mass (m 2 l ). The helicity suppression can be compensated by the presence of one photon in the final state. It thus opens a window for studying the effect of strong interactions in the decay [13] .
The article is organized as follows. We present the details of the theoretical framework for the calculation of mass spectra in Section 2.1 and 2.2, leptonic and radiative leptonic decays in Section 2.3, and mixing parameters for the D meson in Section 2.4. Results for the mass spectra, leptonic, and radiative leptonic decays for both the D and D s meson, as well as mixing parameters for the D meson, are discussed in Section 3. The Regge trajectories in the (J, M 2 ) and (n r , M 2 ) planes are in Section 3.1. Finally, we draw our conclusion in Section-4.
Methodology

Cornell potential with O 1 m corrections
For the study of the heavy-light mesons, we employ the following Hamiltonian [10, 11, 14] .
where p is the relative momentum of the quarkantiquark, m Q is the mass of the heavy quark, mq is the mass of the light anti-quark, and V (r) is the quarkantiquark potential, which can be written as [15] ,
.
is the Cornell like potential [16] ,
where A is a potential parameter and V 0 is a constant.
is the strong running coupling constant. The non-perturbative form of
is not yet known, but leading order perturbation theory yields
where C F = 4/3 and C A = 3 are the Casimir charges of the fundamental and adjoint representation respectively [15] . For the present study, we use the Ritz variational scheme. The confining interaction plays an important role in the heavy-light mesons. Based on the results outlined in Refs. [10] and [11] , a Gaussian wave function is most suitable for the present study of heavy-light mesons. Thus to obtain the expectation values of the Hamiltonian we employ a Gaussian wave function. These wave functions are taken from the solution of the relativistic Hamiltonian, as described in Ref. [17] (and references therein). The authors of that article have used these wave functions for the study of light, heavy-light and heavy-heavy flavoured mesons. The Gaussian wave function in position space has the form
and in momentum space has the form
Here, µ is the variational parameter and L is a Laguerre polynomial. For a chosen value of A, the variational parameter µ is determined for each state using the Virial theorem [18] ,
Since the quarks within the heavy-light mesons are relativistic, a non-relativistic approach is not justified. Therefore, for the K.E., we expand the kinetic energy of the quarks from the Hamiltonian equation (1) , retaining powers up to O (p 10 ), to incorporate the relativistic correction. This allows one to extend the potential model approach to heavy-light systems. In the series expansion of kinetic energy, for v < c, the effect of the higher order terms of the momentum p 2n (n > 2) is very small compared to p 2 . Even more, the higher order terms have poor convergence. The expansion term up to p 4 does not have a lower bound and the powers of p have canceling contributions, as terms with p 4 and p 8 are negative whereas p 6 and p 10 terms are positive. So, the usable expansion to incorporate the relativistic effect is up to O (P 10 ) [19] . We employ a position space Gaussian wave function to obtain the expectation value of the potential energy part in the Virial theorem, while the momentum space wave function has been used to obtain the kinetic energy part.
Since the interaction potential does not contain spindependent terms, the expectation value of the Hamiltonian yields spin-averaged mass. The ground state spinaveraged mass is matched with the PDG value by fixing the potential constant V 0 . The spin-averaged mass for the ground state is computed using the equation [20] ,
where M V and M P are the vector and pseudoscalar meson ground state masses. Using this value of V 0 and A, we calculate S, P and D-state wave spin-averaged masses of D and D S mesons, as listed in Table ( 2). For the comparison for the nJ state, we compute the spin-average or the center of weight mass from the respective theoretical values as [20] :
where M CW,n denotes the spin-averaged mass of the n state and M nJ represents the mass of the meson in the nJ state. The value of the QCD coupling constant, potential parameter and the value of the constant V 0 for D and D s mesons are given in Table ( 
Spin-dependent potential
The spin-dependent part of the usual one-gluon exchange potential (OGEP) between the quark and antiquark for computing the hyperfine and spin-orbit shifting of the low-lying S, P and D-states is given by [23] [24] [25] 
where V 0 (r) is the phenomenological potential, the first term accounts for the relativistic corrections to the potential V 0 (r), the second term accounts for the spin orbital interaction, the third term is the usual spin-spin interaction part which is responsible for pseudoscalar and vector meson splitting, and the fourth term stands for the tensor interaction.
For a meson with unequal quark masses, mass eigenstates are constructed by jj coupling. The angular momentum of the heavy quark is described by its spin S Q , and that of the light degrees of freedom is described by jq = sq + L, where sq is the light quark spin and L is the orbital angular momentum of the light quark. The quantum numbers S Q and jq are individually conserved. The quantum numbers of the excited L = 1 states are formed by combining S Q and jq . For L = 1 we have jq = 1/2 (J = 0, 1) and jq = 3/2 (J = 1, 2) states. These states are denoted as
Independently of the total spin J projection, one has
where |J, S are the state vectors with the given values of the total quark spin given by S = sq + S Q , so that the potential terms of the order of 1/mqm Q , 1/m 2 Q , lead to the mixing of the levels with the different jq values at the given J values. The tensor forces (the last term in equation (10) are equal to zero at L = 0 or S = 0.
The heavy-heavy flavored meson states with
where φ is the mixing angle and the primed state has the heavier mass. Such mixing occurs due to the nondiagonal spin-orbit and tensor terms in Equation (10) . The masses of the physical states were obtained by diagonalizing the mixing matrix obtained using equation (10) [25].
Leptonic and Radiative Leptonic Branching Fractions
The leptonic branching fractions for the (1 1 S 0 ) mesons are obtained using the formula
where Γ (leptonic decay width) is given by [26] ,
For the calculation of the radiative leptonic decay widths of D − → γlν, (l = e, µ) and D S → γlν, (l = e, µ) width, we employ Equations (18) and (20) respectively [27] .
where
The decay constants for the calculation of leptonic and radiative leptonic branching fractions were obtained from the Van-Royen-Weisskopf formula, incorporating a first order QCD correction factor [28] ,
whereC 2 (α S ) is the QCD correction factor given by [29] :
For the calculation of the leptonic and radiative leptonic decay width and corresponding branching fractions using Equation (16) Tables (3) and (4).
Mixing parameters
In the Standard Model, the transitions D oscillations between the mass eigenstates [1] . Following notation introduced in Ref. [1] and assuming CPT conservation throughout, in each system, the light (L) and heavy (H) mass eigenstates,
have a mass difference ∆m q = m H − m L > 0, and a total decay width difference ∆Γ q = Γ L − Γ H . The time evolution of the neutral D meson doublet is described by the Schrodinger equation [30, 31] 
Here, the two 2×2 matrices are a consequence of CPT invariance. The expressions for the off-diagonal elements of the mass and the decay matrices are [32] 
and
The integrated oscillation rate (χ q ) is the probability of observing aD meson in a jet initiated by ac quark, as the mass difference ∆m is a measure of the frequency of the change from a D 0 into aD 0 or vice versa. In the absence of CP violation, we have the timeintegrated mixing rate for semi-leptonic decays as 
Results and Discussion
The spin averaged masses for the S, P and D states are tabulated in Table ( 2), and are in good agreement with experimental as well as other theoretical model predictions. The calculated values of the mass spectra of the D and D S mesons are listed in Tables (3 and 4) . We follow the spectroscopic notation n 2S+1 L J in the tables. The results obtained using the present framework are improved in comparison to the previous calculations outlined in Ref. [10, 11] . The mass spectra of charmed and charmed-strange mesons are also shown graphically in Figs. (1) and (2) . The obtained results for charmed mesons are close to the experimental measurements, especially for excited states. The charmed-strange meson spectra are also close to the experimental measurements, but the 1 3 P 0 state for the D s meson is overestimated by about 120 MeV.
The calculated results of leptonic branching fractions and radiative leptonic decay widths for the D and D S mesons are tabulated in Tables (5) and (6) In the literature, various methods are used to calculate the radiative leptonic decay rates and branching ratios. In Ref. [36] , Ds → lνγ is calculated in a nonrelativistic quark model, and the branching ratio obtained is of the order 10 −4 . In Ref. [37] , with the perturbative QCD approach, it is found that the branching ratio of D + s → e +ν γ is of the order of 10 −3 and D + → e +ν γ of the order of 10 −4 . In Ref. [38] , the light front quark model estimate is of the order of 10 −6 and in the nonrelativistic constituent quark model, the branching ratio of D − → lνγ is of the order of 10 −6 and D − s → lνγ of the order of 10 −5 [27] . In the factorization approach it is found to be of the order 10 −5 for D meson [13, [39] [40] [41] . In the present work the branching ratios are of the order of 10 −6 in both the cases. All the various approaches give different branching ratios in the range of the order 10
to 10 −6 . For the estimation of the mixing parameters x q , y q , χ q and R M , we use η D = 0.86, η D = 0.21, and the gluonic correction to the oscillation is given by Ref. [42, 43] . The bag parameter B Dq = 1.34 is taken from the lattice result of [44] , while the pseudoscalar mass (M Dq ) and the pseudoscalar decay constant (f Dq ) of the charmed mesons are taken from our present study. The values of m s (0.1 GeV), m W (80.399 GeV), the experimental average lifetime of the D meson, and the CKM matrix elements V us (0.22522) and V cs (0.97427), are taken from the Particle Data Group [1] . The calculated mixing parameters x q , y q , χ q and R M are tabulated in Table ( 
Regge trajectories
We construct the Regge trajectories in the (J, M 2 ) and (n r , M 2 ) planes using our calculated masses for both orbitally and radially excited heavy-light mesons. We use the following definitions [12] ;
a) The (J, M 2 ) Regge trajectory:
b) The (n r , M 2 ) Regge trajectory:
where α, β, are the slopes and α 0 , β 0 , are the intercepts. We plot the Regge trajectories in the (J, M 2 ) plane for mesons with natural (P = (−1) J ) and unnatural Tables (8,9 ). From comparison of the slopes in Tables (8,9 ,10), we see that the slope values of α are larger then the slope values of β. The ratio of the mean of α and β is 1.69 and 1.57 for the D and D S mesons respectively. We see that the calculated heavylight meson masses fit nicely to the linear trajectories in both planes and are almost parallel to and equidistant with each other. 
Conclusion
The mass spectra of D and D S mesons have been calculated in a semi-relativistic approach by using a phenomenological quark-antiquark color-Coulomb plus linear potential. The kinetic energy term includes relativistic corrections, and the potential energy term incorporates first-order relativistic corrections. The spinaveraged masses of both the mesons have been calculated (see Table ( 2)). The mass spectra given in Tables (3) and (4) are close to the experimental values and other theoretical estimates. 0.309 ± 0.008 −1.965 ± 0.077
0.308 ± 0.007 −1.978 ± 0.074
0.312 ± 0.009 −2.043 ± 0.087 Table 10 . Fitted parameters of the (nr, M 2 ) S, P and D state spin-average mass Regge trajectories for heavy-light mesons (q = u/d). 3 P 0 state are in excellent agreement with a difference of 7 MeV, but in the case of the D S meson they are overestimated by 73 MeV [9] . In Ref. [7] , the 1 3 P 0 states are overestimated by 81 MeV and 166 MeV, and in Refs. [42, 53] by 93 MeV and 31 MeV respectively for the D and D S mesons. Masses predicted by all the models are overestimated, which suggests that these two experimental states may be good candidates for exotic states. We have estimated the effects of relativistic corrections. In the case of masses of S states, the maximum relativistic correction is found to be about 9%, in the case of the P states it is about 15%, and in the case of the D states it is about 13%. Overall, a slight improvement is observed on our previous calculation in Ref. [10, 11] , which shows the importance of the relativistic corrections in kinetic as well as in potential energy.
Meson Trajectory
Leptonic branching fractions have been evaluated using spectroscopic parameters of these mesons and are tabulated in table (5) . The obtained results are compared with PDG [1] values. The leptonic branching fractions are slightly underestimated for the D and D S mesons. The radiative leptonic decay widths and branching ratios are tabulated in Table (6) . In the absence of experimental measurements, we have compared our results with those of Ref. [27] , but the results are not in mutual agreement. Using the predicted results we have estimated the mixing parameters of the D meson. The values of ∆m q , x, y, χ and R M are tabulated in Table  (7) , which shows reasonably close agreement with experimental values.
Finally, we plotted the Regge trajectories in the (J, M 2 ) plane for these charmed and charmed strange mesons with natural (P = (−1) J ) and unnatural (P = (−1) J−1 ) parity. We also plotted the Regge trajectories in the (n r , M 2 ) plane for spin-averaged masses as well as for pseudoscalar, vector and tensor charmed and charmed strange mesons. χ 2 fitting was done for the slope and intercepts of these Regge trajectories. We see that the calculated heavy-light meson masses fit nicely to the linear trajectories in (J, M 2 ) and (n r , M 2 ) planes with almost parallel and equidistant lines. These Regge trajectories could play a very important role in identifying any new excited state (experimentally), as they provide information about the quantum numbers of the particular state.
This study has shown the importance of relativistic correction within the potential model for successful prediction of the spectroscopic parameters for the D and D S mesons.
